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Theorem 1.1 (Schauder’s first theorem). Let $(C, ||\cdot||)$ be.a normed space,
and let $S$ be acompact convex nonempty subset of $C$. Then every contin-
uous mapping of $S$ into $S$ has afixed point.
$r_{0}\geq 0$ $h$ : $[-r_{0}, \infty)-*[1, \infty)$ $h(-r_{0})=$




$|| \phi||_{h}:=\sup\{\frac{|\phi(t)|}{h(t-t_{0})}$ : $t\geq t_{0}-r_{0}\}<\infty$
$\phi:[t_{0}-r_{0},\infty)arrow R:=(-\infty, \infty)$
$\mathrm{I}$
Lemma If the set $\{\phi_{k}(t)\}$ of real-valued functions on $[t_{0}-r_{0}, \infty)$ i8
uniformly bounded and equicontinuous, then the sequence $\{\phi_{k}(t)\}$ contains
asubsequence $\{\phi_{k_{l}}(t)\}$ such that $||\phi_{k_{l}}-\phi||_{h}arrow 0$ as $\mathit{1}arrow\infty$, where $\phi(t)$ is a
bounded and continuous function.
2. Asymptotic behavior of solutions
$\overline{7.}$
(2.1) $d(t)=-a(t).x(t)-b(t)g(x(t-r(t))),$ $t\in R^{+}$ .
$a,$ $b,$ $r:R^{+}arrow R:=(-\infty, \infty),$ $g:Rarrow R$
$\alpha>0,$ $\beta>0,$ $\gamma>0,$ $r_{0}\geq 0$
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(2.2) $|g(x)|\leq\beta|x|$ for $|\mathrm{x}|\leq\alpha$ ,
(2.3) $\sup\{e^{\int_{\tau}^{t}(a(\epsilon)-\beta\gamma|b(s)|)ds}$ : $t\in R^{+}\}\leq\gamma$ ,
$\tau=\tau(t)$ $:= \max(0,\mathrm{t}-\mathrm{r}(\mathrm{t}))$ $t_{0}\in R^{+}$
(2.4) $\sigma=\sigma(t_{0}):=\sup\{\int_{t_{0}}^{t}(\beta\gamma|b(s)|-a(s))ds:t\in R^{+}\}<\infty$ ,
(2.5) $r(t)\geq 0$ and $\mathrm{t}-\mathrm{r}(\mathrm{t})\geq-\mathrm{r}0,$ $\mathrm{t}\in \mathrm{R}^{+}$
(2.6) $\eta:=\alpha e^{-\sigma}$ .
(2.1)
(2.7) $t=(\beta\gamma|b(t)|-a(t))q,$ $t\in R^{+}$ .
$q$ : $[t_{0}-r_{0}, \infty)arrow R^{+}$ [ $r_{0},$ $t_{0}$] q(t)\equiv \mbox{\boldmath $\delta$}
$[t_{0}, \infty)$
$q’=(\beta\gamma|b(t)|-a(t))q,$ $q(t_{0})=\eta,$ $t\geq t_{0}$
$q(t)$
(2.8) $\{$








Theorem 2.1. Suppose that solutions of (2.1) are uniquely determined by
continuous initial functions, and that (2.2)-(2.5) hold. Then we have:
(i) The zero solution of (2.1) is stable.
(\"u) If $\sigma^{*}:=\sup\{\sigma(t) : t\in R^{+}\}<\infty$, then the zero solution of (2.1) is
uniformly stable.
(i\"u) If we have
(2.10) $\int_{0}^{t}(a(s)-\beta\gamma|b(s)|)dsarrow\infty$ as $\cdot$ $\mathrm{t}arrow\infty$ ,
then the zero solution of (2.1) is asymptoticaly stable.
(iv) In addition to $\sigma^{*}<\infty$ , if we have
(2.11) $\int_{t_{0}}^{t}(a(s)-\beta\gamma|b(s)|)dsarrow\infty$ uifomly for $\mathrm{t}_{0}\in \mathrm{R}^{+}$ ae $\mathrm{t}arrow\infty$ ,
then the zero solution of (2.1) is uniformly aeymptoticdly stable.
(i) (2.7) $\epsilon\in(0, \alpha]$ $t0\in R^{+}$
$\delta=\delta(\epsilon,t_{0})\in(0,\eta]$ $|q\mathrm{o}|\leq\delta$ $q_{0}$
$|q(t,t_{0},q_{0})|<\epsilon$ for au $t\geq t_{0}$
$t_{0}$ $(C_{t_{\mathrm{O}}}, ||\cdot||_{h})$
$\phi.\cdot$
. [ $r_{0},$ $\infty$) $arrow R$
$\sup\{|\psi(\theta)|:-r_{0}\leq\theta\leq 0\}\leq.\delta$ $\psi$ :
$[-r_{0},\mathrm{O}]arrow R$ $S$ 3 $\phi:[t_{0}-r_{0}, \infty)arrow R$
$\phi(t)=\psi(t-t_{0})$ for $t_{0}-r_{0}\leq t\leq t_{0}$ ,
$|\phi(t)|\leq q(t)$ for $t\geq t_{0}$ ,
$|\phi(t_{1})-\phi(t_{2})|\leq L|t_{1}-t_{2}|$ for $t_{1},$ $t_{2}\in R^{+}$ with $t_{0}\leq\tau_{1}\leq t_{1},$ $t_{2}\leq\tau_{2}$ .
$q(t)$ $\eta=\delta(\epsilon, t_{0})$ [ (2.8) $L=L(\tau_{1},\tau_{2})$
(2.12) $(|a(t)|+\beta\gamma|b(t)|)\alpha\leq L$ for $\tau_{1}\leq t\leq\tau_{2}$ .
$q(t)$ (2.9)
$|q’(t)|\leq(|a(t)|+\beta\gamma|b(t)|)\alpha,$ $t\geq t_{0}$ .
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$\xi(t):=\{$
$\psi(t-t_{0})$ , $t_{0}-r_{0}\leq t\leq t_{0}$
$[perp]\psi 0_{0}\mathrm{k}^{t}\mathrm{u}$ , $t\geq t_{0}$
$\xi(t)$ $S$ Lemma $S$ $C_{t_{\mathrm{Q}}}$
$S$ $P$ $\phi\in S$
$(P\phi)(t):=\{$
$\psi(t-t_{0})$ , $t_{0}-\tau 0\leq t\leq t_{0}$
$\psi(0)e^{-\int_{\iota_{\mathrm{O}}}^{*}a(\cdot)d}$.
$+ \int_{t_{\mathrm{O}}}^{t}e^{-\int^{*}}$. $(u)du_{b(s)g(\phi(s-\mathrm{r}(s)))ds}$ , $t\geq t_{0}$








$P$ $S$ $S$ $P$ Theorem
1.1 $P$ $S$ $\phi$ (2.1) $x(t, t_{0},\psi)$
$|x$ ( $t$ , , $\psi$) $|\leq q(t)=q(t,t_{0},\delta)<\epsilon,$ $t\geq$ .
(2.1)
(U) $\sigma^{*}<\infty$ (2.7) (2.1)
(i)
$(\ddot{\dot{\mathrm{m}}})$ (2.10) $tarrow\infty$ $q(t)arrow 0$ . (2.7)
(2.1) (i)




$(2.2^{*})$ $|g(x)|\leq\beta|x|$ for $x\in R$
(2.1)
Theorem 2.2. Suppose that solutions of (2.1) are uniquely determined by
continuous initial functions, and that $(2.2^{*})$ and (2.3)-(2.5) hold. Then we
have:
(i) Solutions of (2.1) are equi-bounded.
(ii) If $\sigma$. $<\infty$ , then solutions of (2.1) are uniformly bounded.
(iii) $\mathrm{E}\mathrm{w}\mathrm{e}$ have (2.10), then solutions of (2.1) are equi-ultimately bounded.
(iv) $\mathrm{B}$ we have $\sigma^{*}<\infty$ and (2.11), then solutions of (2.1) are uniformly
ultimately bounded.
(i) (2.7) $\alpha>0$ $\in R^{+}$
$B=B$($\alpha$ , )>0 $|\mathrm{m}|\leq\alpha$ $q_{0}$
$|q(t,t_{0},q_{0})|<B$ for ffi $t\geq t_{0}$
$t_{0}$ $(C_{t_{\dot{\mathrm{O}}}}, ||\cdot||_{h})$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{m}2.1(\mathrm{i})$
su\mbox{\boldmath $\varphi$}{l\psi ( l.:-ro $\leq\theta\leq 0$} $\leq\alpha$
$\psi$ : $[-r_{0},0]arrow R$ $S$ 3
$\phi:[t0-r0,\infty)arrow R$
$\phi(t)=\psi(t-t_{0})$ ffir $\text{ }-r_{0}\leq t\leq t_{0}$ ,
$|\phi(t)|\leq q(t)$ for $t\geq$ ,
.
$q(t)$ $\eta=\alpha$ (2.8) $L=L(\tau_{1},\tau_{2})$ $\alpha=B$
(2.12) $q(t)$
$0<q(t)<B,$ $t\geq t_{0}$
$\mathrm{T}\mathrm{h}\infty \mathrm{o}\mathrm{e}\mathrm{m}2.1(\mathrm{i})$ $S$ $C_{t_{0}}$
$P$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{m}2.1(\mathrm{i})$
$P$ $S$ $S$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{m}$
$1.1$ $P$ $\phi$ (2.1) $x$($t,$ to.’ $\psi$)
$|x$($t$, , $\psi$) $|\leq q(t)=q(t, t_{0}, \alpha)<B,$ $t\geq t\mathit{0}$
(2.1)









$77-6t$, $12\leq t\leq 13$
13- $r(t)\equiv r(0\leq r\leq(\mathrm{h}2)/5),$ $b(t)\equiv B(0<B\leq$
55/26) $\beta=1$ $\gamma=2$ (2.3) $\sigma$. $<\infty$
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{m}2.1$ $\mathrm{T}\mathrm{h}\infty \mathrm{o}\mathrm{e}\mathrm{m}$ 2.2. (2.1)
(2.1) $0<B<$. 55/26
(2.11) (2.1) (2.1)
(2.1) $g.(x)\equiv x(x\in R)$’ $r(t)’\equiv r$ (t\in R )
(2.13) $x’(t)=rightarrow a(l)x(t)-b(t)x(t-r)$, t\in R




$(2.15)_{\iota} \int_{0^{e}}^{t-ffl\mathit{0})du_{\mathrm{I}b(s)|d\sim\leq\eta<1}}.$ on $R^{+},$ $\int_{0}^{t}a(s)dsarrow\infty$ as $tarrow\infty$
( $\eta$ ) (2.13)
.
ffiample 2.1 $a(t)$ $b(t)$ (2.14) (2.15)
} $\succ’$ ,
(2.16) $d(t)=-a(t)x(t)+ \int_{t-,\{t)}^{t}b$($t$,s)$g$ (x(s)) $t\in R^{+}$
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$a,$ $r:R^{+}arrow R,$ $b$ ] $\mathrm{x}Rarrow R$ $g:Rarrow$.
$R$
$\alpha>0,$ $\beta>0,$ $\gamma>0,$ $r_{0}\geq 0$
$(2.2)_{\text{ }}$ (2.5)
(2.17) $\sup\{\sup\{e^{\int_{\mathrm{r}}^{*}(}\cdot.|a(\mathrm{r})-\beta\gamma\int_{-r(\cdot)}|b(\cdot,u)1^{du})d\cdot\tau\leq v\leq t\}|t\in R^{+}\}\leq\gamma$.
. $\tau=\tau(t):=\mathrm{m}\varpi(0, t-r(t))$ to\in R
(2.18) $\sigma=\sigma(t_{0}):=\sup\{\int_{t_{0}}^{t}(\beta\gamma\int_{-r(\cdot)}^{l}.|b(s,u)|du-a(s))ds|t\in R^{+}\}<\infty$
$\sigma$ \eta =\eta ( )
$\eta:=\alpha e^{-\sigma}$
(2.16)
(2.19) ’ $\mathrm{r}=(\beta\gamma\int_{t-r(t)}^{t}|b(t,s)|ds-a(t))q,$ $t.\in R^{+}$ .
$q$ : $[t_{0}-r_{0}, \infty)arrow R^{+}$ $[t_{0}-r_{0}, t_{0}]$ q(t)\equiv O
$[t_{0}, \infty)$
$q’=( \beta\gamma\int_{t-r(t)}^{t}|b(t,s)|ds-a(t.))q,$ $q(t_{0})=\eta,$ $t\geq t_{0}$
$q(t)$ (2.18)
(2.9)




$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{m}2.1$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.2$
Theorem 2.3. Suppose that solutions of (2.1) are uniquely determined by
continuous initial fimctions, and that (2.2), (2.5), (2.17) and (2.18) hold.
Then we have:
(i) The zero solution of (2.16) is stable.
(\"u) $\mathrm{N}\sigma^{*}:=\sup\{\sigma(t) : t\in R^{+}\}<\infty$ , then the zero solution of (2.16) is
unifomly stable.
(i\"u) $\mathrm{r}$ we h
(2.20) $\int_{0}^{t}(a(s)-\beta\gamma\int_{-\mathrm{r}(\cdot)}.\cdot|b(s,u)|du)dsarrow\infty \mathrm{a}\mathrm{s}.\mathrm{t}arrow\infty$ ,
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then the zero solution of (2.16) is aeymptotically stable.
(iv) In addition to $\sigma^{*}<\infty$ , if we have
(2.21) $\{$
$\int_{t_{0}}^{t}(a(s)-\beta\gamma\int_{-r(\cdot)}.\cdot|b(s,u)|du)\ arrow\infty$
uniforffiy for $\mathrm{t}_{0}\in \mathrm{R}^{+}$ ae $\mathrm{t}arrow\infty$,
then the zero solution of (2.16) is uniformly aeymptoticffiy stable.
Theorem 2.4. Supose that solutions of (2.1) are uniquely determined by
continuous initial functions, and that $(2.2^{\mathrm{r}}),$ $(2.5),$ $(2.17)$ and (2.18) hold.
$\mathrm{T}1_{1}\mathrm{m}$ we $\mathrm{h}\mathrm{a}\mathrm{v}\mathrm{e}$
(i) Solutions of (2.16) are equi-bounded.
(ii) $\mathrm{K}\sigma^{*}<\infty$ , then solutions of (2.16) are uniformly bounded.
(iii) Ifwe have (2.20), then solutions of (2.16) are equi-ultimately bounded.
(iv) $\mathrm{N}$ we have $\sigma’.<\infty$ and (2.21), then solutions of (2.16) are uformly
ultimately bounded.
1
Example 22. $a:R\text{ }$ \rightarrow R Exmple 2.1 $r(t)\equiv$
$r(0<r\leq 2/3),$ $b(t,s)\equiv B$ (O<B\leq 55/2\leftarrow ) $\beta=1$ .
$\gamma=2$ (2.17) $\sigma$. $<\infty$




(2.22) $. \int_{0}^{t}e^{-\int^{*}a(\mathrm{u})d\mathrm{u}}.\cdot\int_{-r(\cdot)}.\cdot|b(\epsilon,u)|du\ \leq\eta<1$
($\eta$ ) (2.16)
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